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Def in i t i on  
s p e c i f i c  hea t  a t  cons t an t  p re s su re  
C o r i o l i s  parameter (2n s i n  ,@) 
a c c e l e r a t i o n  of g r a v i t y  
s u r f a c e  hea t  f l u x  
von Karman' s cons tan t  
eddy h e a t  conduction c o e f f i c i e n t  
eddy v i s c o s  i t y  c o e f f i c i e n t  
s u r f a c e  Monin-Obukhov length  
- P mean flow p res su re  
P 1  1,000 mb 
R s p e c i f i c  gas cons tan t  f o r  dry a i r  
RL -fLo/u,,o 
R i  g r a d i e n t  Richardson number 
Ro llJ;o/fzo, drag Rossby number 
i mean flow Kelvin temperature 
T, 0 s u r f a c e  f r i c t i o n  temperature 
U mean flow wind speed 
U*O s u r f a c e  f r i c t i o n  v e l o c i t y  
Z he igh t  above n a t u r a l  grade 
- 
zO s u r f a c e  roughness length  
iii 









Def in i t i on  
a func t ion  of RL 
p o t e n t i a l  temperature drop across  t h e  p lane tary  boundary 
l a y e r  
- y z o / L o ,  p o t e n t i a l  temperature p r o f i l e  parameter 
mean flow p o t e n t i a l  temperature 
mean flow dens i ty  
s u r f a c e  t a n g e n t i a l  s t r e s s  
l a t i t u d e  of observa t ion  s i t e  
dimensionless wind shear  
dimensionless p o t e n t i a l  temperature g r a d i e n t  
Monin l a y e r  wind p r o f i l e  s t a b i l i t y  d e f e c t ,  a universa l  
func t ion  of z/Lo 
angular  v e l o c i t y  of e a r t h  
iv 
TECHNICAL MEMORANDUM X-64519 
THE POTENTIAL TEMPERATURE PROFILE I N  THE PLANETARY BOUNDARY LAYER 
SUMMARY 
The p r o f i l e  of mean flow p o t e n t i a l  temperature i n  the  f i r s t  
150 meters of uns tab le  p lane tary  boundary l a y e r  is anal.yzed wi th  a 
sample of n ine teen  temperature p r o f i l e s  observed a t  t he  NASA 150-meter 
meteorological  tower s i t e .  The observat ions c o n s i s t  of mean tempera- 
t u r e s  observed a t  3- ,  18-, 30-, 60-, 120-, and.150-meter l eve l s .  The 
du ra t ion  time of each t e s t  ranged between approximately f i f t e e n  minutes 
t o  one hour. 
It is hypo thes  ized t h a t  t he  d imens ion les  s p o t e n t i a l  temperature 
g r a d i e n t  @e = zT,Aae/& is a dimensionless func t ion  of z ,  Lo, f ,  and 
U*O, where e ( z )  is  the mean flow p o t e n t i a l  t m p e r a t u r e  a t  he ight  z ,  
T*o and U J ; ~  denote  the  s u r f a c e  vaiues  of t he  f r i c t i o n  temperature and 
f r i c t i o n  v e l o c i t y ,  Lo is  the  s u r f a c e  Monin-Obukhov s t a b i l i t y  length ,  
and f is t h e  C o r i o l i s  parameter. According t o  Buckingham's t$earem, 
only two independent dimensionless q u a n t i t i e s  can be cons t ruc ted  from 
t h e  s e t  z ,  Lo, f and uJro; however, these  dimensionless q u a n t i t i e s  can 
be chosen i n  a v a r i e t y  of ways. 
on (z/Lo,  RL)- ,  (z/Lo, fz/u*o)-,  and (fz/u+co, RL)-coordinates a r e  
summarized the  d a t a  reasonably we l l ,  where y i s  a p o s i t i v e  quan t i ty  pro- 
p o r t i o n a l  t o  Rj;3/2 over t h e  range of v a r i a t i o n  of t he  d a t a .  
t i o n s  @,(z/Lo, fz /uko)  and @e(fz/uJ;o, RL),  der ived from t h e  func t ion  
@8(z/Lo, RL!, a g r e e  wi th  t h e  experimental  r e s u l t s .  
I n t e g r a t i o n  of t he  d i f f e r e n t i a l  equat ion 
Accordingly,  t he  dependencies of @e 
examined, where RL = -fLo/%o. The func t ion  @e(z/Lo, RL) = (l-7z/L0) -1/2 
The func- 
= (ae(z/L0,RL) y i e l d s  
t h e  p o t e n t i a l  temperature p r o f i l e .  For' s u f f i c i e n t l y  small values  of 
t h e  q u a n t i t y  A = -yzo/Lo, t h e  p o t e n t i a l  temperature p r o f i l e  has a 
logar i thmic  behavior w i th  a l i n e a r  d e f e c t  r e s u l t i n g  from s t a b i l i t y  and 
C o r i o l i s  e t f e c t s ,  where zo is  the  s u r f a c e  roughness l eng th  of t he  s i t e .  
The potenti 'al temperature p r o f i l e  is  used t o  eva lua te  t h e  drop i n  
p o t e n t i a l  temperature ac ross  t h e  p l ane ta ry  boundary l a y e r .  The depth 
of t he  boundary l aye r  is assumed t o  be ~ , ~ , / 4 f .  
I. INTRODUCTION 
This r e p o r t  concerns t h e  v e r t i c a l  p r o f i l e  of mean flow p o t e n t i a l  
temperature i n  t h e  p l ane ta ry  boundary l aye r .  I n  approximately the  f i r s t  
30 meters of t he  h o r i z o n t a l l y  homogeneous p l ane ta ry  boundary l aye r ,  t h e  
Monin l a y e r ,  t h e  experimental  r e s u l t s  of Dyer [ l ] ,  Pandolfo [2] ,  and 
Prasad and Panofsky [3]  imply t h a t  t he  p o t e n t i a l  temperature p r o f i l e  can 
be expressed f u n c t i o n a l l y  i n  the  form 
where z ,  Lo, and zo denote  t h e  he igh t ,  s u r f a c e  Monin-Obukhov s t a b i l i t y  
l eng th ,  and the  s u r f a c e  roughness length.  The mean flow wind p r o f i l e  is  
a l s o  a func t ion  of 'z/Lo and zo/Lo i n  the  Monin l aye r .  
proceed upward out  of the  Monin l a y e r  i n t o  t h e  Ekman l a y e r ,  we f i n d  t h a t  
t he  C o r i o l i s  forces  must be taken i n t o  account i n  order  t o  expla in  the  
behavior of t he  wind p r o f i l e  [ 4 ,  51. I n  view of t he  inhe ren t  coupling 
between the  v e r t i c a l  t u r b u l e n t  momentum and h e a t  f l uxes  and the  mean 
flow wind and p o t e n t i a l  temperature  p r o f i l e s  implied by the  mean-flow 
Boussinesq-approximated equat ions of motion [6]  , it  is reasonable  t o  
expect t h a t  t h e  p o t e n t i a l  temperature  p r o f i l e  i s  a l s o  a f f e c t e d  by t h e  
C o r i o l i s  terms i n  the  momentum conserva t ion  equat ions.  The d a t a  ana lys i s  
t h a t  fol lows shows t h a t  t h i s  appears t o  be the  case .  
However, as we 
11. DIMENSIONAL CONSIDERATIONS 
I n  the  Monin l a y e r  t h e  v e r t i c a l  g r a d i e n t  of mean flow p o t e n t i a l  tem- 
pe ra tu re  a;/& is sca l ed  wi th  t h e  he igh t  z and the  s u r f a c e  f r i c t i o n  tem- 
pe ra tu re  T*o. The r e s u l t i n g  dimens ion le s s  temperature g rad ien t  i s  a 
universa l  func t ion  of z/Lo, s o  that 
The q u a n t i t y  Lo is t h e  s u r f a c e  Monin-Obukhov s t a b i l i t y  l eng th  and is  given 
by - 
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where u * ~  i s  the  s u r f a c e  f r i c t i o n  v e l o c i t y ,  k, i s  von Karman's cons tan t  
w i th  a numerical va lue  approximately equal t o  0.4,  5 and 5 denote  t h e  
mean temperature  and dens i ty  i n  t h e  boundary l a y e r ,  g is  the  acce le ra -  
t i o n  of g r a v i t y ,  and Ho is  t h e  s u r f a c e  h e a t  f l ux .  
temperature is  def ined as 
The s u r f a c e  f r i c t i o n  
I n t e g r a t i o n  of equat ion (2)  from zo t o  z ,  s u b j e c t  t o  the  boundary condi- 
t ion t h a t  
w i l l  y i e l d  the  p o t e n t i a l  temperature p r o f i l e  
Note t h a t  t he  s u r f a c e  roughness length  appears i n  t h e  p o t e n t i a l  tempera- 
t u r e  p r o f i l e  through t h e  boundary cond i t ion  (5). 
IE t h e  Ekman l a y e r ,  @e should a l s o  be a func t ion  of z and Lo and 
o the r  parameters t h a t  c h a r a c t e r i z e  t h e  a c t i o n  of Cor io l i s  fo rces  ~ 
b a r o c l i n i c  e f f e c t s ,  e t c .  I n  t h i s  r e p o r t ,  we a r e  concerned w i t h  d e t e r -  
mining t h e  e f f e c t s  of t he  v e r t i c a l  h e a t  and momentum f luxes  and the  
Cor io l i s  fo rces  on t h e  p o t e n t i a l  temperature p r o f i l e .  The parameter 
Lo should be s u f f i c i e n t  t o  c h a r a c t e r i z e  the  e f f e c t s  r e s u l t i n g  from the  
tu rbu len t  momentum and hea t  f l uxes .  To r ep resen t  t he  e f f e c t s  of 
Cor io l i s  fo rces ,  we could add the  Cor io l i s  parameter f t o  our l i s t  of 
independent varbables  .;\ Thus , we might suspec t  t h a t  @e should depend 
on z ,  Lo, and f ;  however, it is  no t  poss ib l e  t o  cons t ruc t  a dimension- 
l e s s  quan t i ty  t h a t  conta ins  f w i th  t h i s  l i s t  of independent v a r i a b l e s ,  
because z and Lo have the  u n i t s  of l eng th  and f is  an  inverse  time. 
ik 
The Coriolis '  parameter i s  def ined as f = 2a s i n  @, where 
angular  v e l o c i t y  of t h e  e a r t h  and @ denotes the  l a t i t u d e  of the  s i t e .  
is  the  
3 
Thus, a t  l e a s t  one a d d i t i o n a l  parameter must be included i n  t h e  dimen- 
s i o n a l  a n a l y s i s .  Blackadar and Tennekes [4]  have shown t h a t  qco is  t h e  
appropr i a t e  v e l o c i t y  s c a l e  i n  t h e  p lane tary  boundary l aye r  by analyzing 
the  tu rbu len t  energy equation. 
p e r t i n e n t  parameters w i l l  enable us  t o  cons t ruc t  a dimensionless 
q u a n t i t y  which w i l l  con ta in  f .  This follows from the  f a c t  t h a t  u.kO/f 
has t h e  u n i t s  of length .  I n  f a c t ,  an e s t ima te  of t h e  thickness  of t h e  
p lane tary  boundary l aye r  is  ~ * ~ / 4 f  [4] ,  s o  t h a t  t he  a d d i t i o n  of 40 t o  
our l i s t  of independent va r i ab le s  is  phys ica l ly  r e l evan t .  A s  i n  the  
case  of t h e  Monin l a y e r ,  we w i l l  not  inc lude  zo i n  t h e  l i s t  of va r i ab le s  
upon which we hypothesize t o  depend. However, zo w i l l  e n t e r  the  
a n a l y s i s  through the  boundary condi t ion ,  equat ion (5) , when we i n t e g r a t e  
The a d d i t i o n  of %o t o  our l i s t  of 
t o  ob ta in  the  p o t e n t i a l  temperature p r o f i l e .  
According t o  Euckingham's theorem [7] ,  t h e  number of a complete s e t  
of independent dimensionless q u a n t i t i e s  t h a t  can be cons t ruc ted  from the  
s e t  of four  v a r i a b l e s  z ,  Lo, f ,  and uJro is  two. There a r e  many poss ib l e  
ways t o  cons t ruc t  t hese  d imens ion le s s  q u a n t i t i e s .  Three poss ib l e  repre-  
s e c t a t i o n s  a r e  given by 
These dimensionless q u a n t i t i e s  a r e  the  s imples t  r ep resen ta t ions  s i n c e  
they a r e  cons t ruc ted  from the  independent v a r i a b l e s  r a i sed  only t o  the  
f i r s t  power. A l l  o the r  formulat ions would r e q u i r e  lower o r  higher  order  
exponents. Any one s e t  of the  dimensionless q u a n t i t i e s  given by (7) can 
be der ived from ahy one of t h e  remaining two s e t s  by forming appropr i a t e  
r a t i o s ,  Each s e t  has i t s  own mer i t s  s o  t h a t ,  r a t h e r  than s e l e c t i n g  one 
formulat ion of t h e  problem, we w i l l  examine the  fol lowing t h r e e  repre-  
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111. THE DATA SOURCE AND DATA PROCESSING 
The d a t a  analyzed i n  t h i s  r e p o r t  c o n s i s t  of n ine teen  s e t s  of tem- 
pe ra tu re  measurements a t  t h e  3-, 18-, 30-, 60-, 120-, and 150-meter 
l e v e l s  and a s soc ia t ed  wind speed measurements a t  t he  18- and 30-neter 
l e v e l s  obtained a t  NASA's 150-meter meteorological  tower s i t e .  The 
ins t rumenta t ion  of t h i s  tower s i t e  has been discussed by Kaufman and 
Keene [8]. The azimuthal d i s t r i b u t i o n - o f  t h e  s u r f a c e  roughness zo a t  
the  KSC tower- s i t e  is discussed i n  r e fe rence  9,  and t h z  temporal mean 
temperature and wind d a t a  a r e  tabula ted  i n  Appendix B. The du ra t ion  of 
each c a s e  ranged between approximately f i f t e e n  minutes t o  one hour; how- 
ever ,  t h e  ma jo r i ty  of cases  had a du ra t ion  time of one hour. The cal- 
c u l a t i o n  of qo, TJto, and Lo f o r  each case  i s  discussed i n  Appendix A ,  
and t h e  r e s u l t s  of t h e  c a l c u l a t i o n s  a r e  tabula ted  i n  Appendix B. 
The mean flow p o t e n t i a l  temperature e ,  Kelvin temperature T, and 
pressure  are  r e l a t e d  through Poisson 's  equat ion 
where p1 = 1,000 mb and 
P a r t i a l  d i f f e r e n t i a t i o n  
r e s u l t  
R is t h e  s p e c i f i c  gas cons tan t  f o r  dry  a i r .  
of t h i s  equat ion wi th  r e spec t  t o  z y i e l d s  t h e  
(g + t) * 
Equation (13) w a s  used t o  ob ta in  a f i r s t  e s t ima te  of a;/&, wi th  the  
assumption t h a t  ;/? 2 1. The d e r i v a t i v e  aT/az was estimated a t  t h e  
5 
mid-points between t h e  d a t a  a c q u i s i t i o n  l e v e l s  w i th  f i n i t e  c e n t r a l  d i f -  
fe rences .  The r e s u l t i n g  es t imates  of a;/az were mul t ip l i ed  by cor rec-  
t i o n  f a c t o r s  t o  account  f o r  t h e  e r r o r s  r e s u l t i n g  from t h e  f i n i t e  
d i f f e r e n c e  opera tors .  These co r rec t ions  were based on t h e  assumption 
t h a t  &/az a zq over piecewise por t ions  of t h e  p o t e n t i a l  temperature  
p r o f i l e ,  where q is a cons tan t .  The d e t a i l s  of t h i s  c o r r e c t i o n  and 
i t s  a p p l i c a t i o n  a re  discussed i n  Appendix C. 
I V .  DIMENSIONLESS POTENTIAL TEMPERATURE GRADIENTS 
The ranges of t h e  experimental  va lues  of RL and f z / q k 0  were 
0.0004 < RL < 0.05 and 0.0007 < fz/u*o < 0.03. 
t i a l  temperature  p r o f i l e s  were grouped according t o  the  ca t egor i e s  of 
RL g iven  i n  ‘Fable I and t h e  n ine ty - f ive  es t imates  of t he  dimensionless 
p o t e n t i a l  temperature  g r a d i e n t  were grouped according t o  the  ca t egor i e s  
of fz /+o  given i n  Table TI. 
experimental  values  of Pe(z/Lo, RL), la’,(z/Lo, fz/%,),  and @o(fz/u*o, RL) 
w i th  t h e  d a t a  po in t s  grouped according t o  t h e  ca t egor i e s  i n  Tables I o r  11. 
The n ine teen  poten- 
Figures  1 through 3 a r e  p l o t s  of  t he  
TABLE I 
P o t e n t i a l  Temperature P r o f i l e  Categories  According t o  RL 
Category No. of P r o f i l e s  
0.0004 < RL < 0.0007 
0.001 < % < 0.003 4 
0.005 < RL < 0.01 5 
0.04 < RL < 0.05 2 
2 
0.01 < % < 0.03 6 
TABLE I1 
P o t e n t i a l  Temperature P r o f i l e  Categories  According t o  fz/u,ko 
6 
0.0007 < f z / s o  < 0.001 
0.001 < fZ/Uk0 < 0.002 
0.002 < fz/u,, < 0.004 
0.004 < fz/u*o < 0.006 
0.006 < fz/+, < 0,Ol 
0.01 < fz/uA0 < 0.03 
No. of Observations 
4 
1 6  




Figure  1 shows t h a t  @e is  an  increas ing  func t ion  of z/Lo f o r  f ixed  
RL and an  increas ing  func t ion  of RL f o r  f ixed  z/Lo. 
cluded from these  r e s u l t s  t h a t  t he  presence of Cor io l i s  fo rces  tends t o  
promote s t a b i l i t y  i n  t h e  sense  t h a t  an inc rease  i n  f w i l l  tend t o  pro- 
duce a n  inc rease  i n  aB/az, a l l  o the r  things being equal.  
It might be con- 
F igure  2 shows t h a t  @e is  an increas ing  func t ion  of z/Lo f o r  f ixed  
fz/uko and an  increas ing  func t ion  of fz/u*o f o r  f ixed  z/Lo. 
implies  t h a t  @e is a decreasing func t ion  of fz /%o f o r  f ixed  RL and an  
increas ing  func t ion  of RL f o r  f ixed  fz/u,kO. 
@e is  of order  one, whi le  t h e  lower bound appears t o  approach zero  l i k e  
(z/L,)-~/~ f o r  f ixed  R 
ure  2 ,  and ( f ~ / % ~ ) - l / ~  f o r  f ixed  RL i n  f i g u r e  3 ,  
Figure 3 
The upper bound va lue  on 
i n  f i g u r e  1, ( Z / L ~ ) - ~ / ~  f o r  f ixed  fz/u*o i n  f i g s  
The Businger hypothesis  s ta tes  t h a t  i n  t h e  Monin l a y e r  t h e  f l u x  
Richardson number 
is  r e l a t e d  t o  Lo through t h e  expression 
R i  = z/Lo, (15) 
where i is the  mean wind a t  he igh t  z .  Experimental i n v e s t i g a t i o n s  [6]  
imply t h a t  the  dimensionless wind shea r  Pu = (klz/Qo)ac/az In  the Monin 
l a y e r  is given by 
pu = ( 1  - 18Ri) -1 /4 .  (169 
Upon combining ( 3 ) ,  (4 ) ,  (14), (15) ,  and (16),  w e  f ind  t h a t  
Thus, as -z/Lo becomes l a r g e  i n  t h e  uns tab le  Monin l aye r ,  @e asymptoti-  
c a l l y  behaves l i k e  
@e - 18-1/2(~/L0)-1/2.  (18) 
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We should be a b l e  t o  ob ta in  t h i s  asymptotic behavior from our da ta  as 
RL 3 0. 
(-z/LO)-'I2 as -z/Lo becomes l a r g e  f o r  t h e  smal le r  values  of RL. 
ever ,  t h e  c o e f f i c i e n t  of ( - Z / L ~ ) - ~ / ~  i n  equat ion (18) is no t  obtained 
as RL becomes s m a l l ,  b u t  r a t h e r  t he  da ta  appear t o  imply t h a t  t he  coef -  
f i c i e n t  increases  t o  values  g r e a t e r  than 18"1/2 as RL becomes small. 
This w i l l  become more obvious below. 
The experimental  values  of @e i n  F igure  2 rend t o  decrease  as 
How- 
To develop a model of @e f o r  t he  p l ane ta ry  boundary l a y e r ,  i t  i s  
ass umed t h a t  
where y i s  now a func t ion  of RL. When y = 18, w e  ob ta in  equat ion (17). 
The func t ion  y w a s  d,etermined by f i t t i n g  equat ion (19) t o  each p o t e n t i a l  
temperature p r o f i l e  w i th  l ea s t - squa re  procedures. The r e s u l t s  of t hese  
coaputa t ions  a r e  shown i n  F igure  4. Three of t h e  p r o f i l e s  yielded nega- 
t i v e  vaiues  of y which were approximately equal t o  zero f o r  RL = 0.0237, 
C.0415, and 0,0474. However, t hese  d a t a  po in ts  f i t  i n  wi th  t h e  o v e r a l l  
t rend implied-by the  d a t a  po in t s  i n  F igure  4,  namely, y being a decreas-  
ing func t ion  of RL. A l eas t - squares  a n a l y s i s  of t he  s i x t e e n  d a t a  poin ts  
i n  F igure  4 y ie lded  t h e  r e s u l t  
It is  of i n t e r e s t  t o  note  t h a t  the  geometric mean value of y i s  equal t o  
16 ,  which is  no t  s i g n i f i c a c t l y  d i f f e r e n t  from t h e  value of 18 i n  equa- 
t i o n  (17j .  
Dyer [ l ]  has analyzed experimental  es t imates  of @e i n  t he  Monin 
l a y e r  and f inds  t h a t  
This r e s u l t  i s  no t  s i g n i f i c a n t l y  d i f f e r e n t  from equat ion (17). Prasad 
and Panofsky [3]  f ind  t h a t  equat ion (17) summarizes the  temperature obser- 
va t ions  i n  t h e i r  a n a l y s i s .  
s t u d i e s  w a s  on t h e  o rde r  of one. It can be seen from the  r e s u l t s  i n  Fig- 
ure  1 t h a t  it would be r a t h e r  d i f f i c u l t  t o  f ind  a dependence of y on RL 
i f  we r e s t r i c t e d  t h e  a n a l y s i s  t o  t h e  d a t a  po in ts  assoc ia ted  w i t h  
-z/Lo < 1.0. 
However, the  l a r g e s t  value of -z/Lo i n  t hese  
The l a r g e  values of -z/Lo i n  t h i s  s tudy  were p r imar i ly  
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obtained by making temperature measurements a t  s u f f i c i e n t l y  g r e a t  he igh t s  
(150 meter tower). Dyer [ l]  obtained h i s  temperature measurements a t  
var ious he ight  i n t e r v a l s  up t o  a maximum height  of 16 m. The tempera- 
t u r e  d a t a  used by Prasad and Panofsky [3 ]  were obtained from var ious  
tower s i tes  a t  he ights  between the  1- and 46-meter l e v e l s .  I n  view of 
t he  r e s u l t  g iven  by equat ion (20),  w e  t e n t a t i v e l y  conclude t h a t  t h e  
r e s u l t  g iven  by equat ion (17)  f o r  t h e  Monin l a y e r  is n o t  an asymptot ic  
r e s u l t  as RL approaches zero,  bu t  r a t h e r ,  equat ion (17)  y i e l d s  values  of 
la, assoc ia t ed  wi th  t y p i c a l  values  of RL 2 0.004. 
F igure  8 is a p l o t  of t he  experimental  values  of @e as a func t ion  of 
yz/Lo, where y i s  ca l cu la t ed  wi th  equat ion (20). 
(19)  is a good f i t  t o  t h e  d a t a ,  and a comparison of Figures 1 and 8 shows 
t h a t  t he  experimental  s c a t t e r  is  reduced s i g n i f i c a n t l y  by permi t t ing  t h e  
q u a n t i t y  y t o  be a func t ion  of RL. 
The func t ion  given by 
Upon combining equat ions (19)  and (20), we f ind  t h a t  
,ge(z/L0,RL) ’= (1 - 0.004453/2  z/LO)-lI2.  (22) 
A p l o t  of $38 a s  a func t ion  of .z/Lo f o r  var ious  values  of RL, according t o  
equat ion ( 2 2 ) ,  is  shown i n  Figure 5. 
s m a l l  RL, we have t h e  asymptotic behavior 
For s u f f i c i e n t l y  l a r g e  -z/Lo o r  
g8(z/L0,RL) - (0.0044)-1/2 q / 4 ( - z / L  0 )-1/2. (23) 
A comparison of Figures  1 and 5 w i l l  show t h a t  t h e  expression given by 
(22)  is a reasonably good f i t  t o  t h e  data .  
Equation (22) can be c a s t  i n t o  two a l t e r n a t e  forms, namely, 
and 
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These func t ions  a re  g iven  i n  Figures 6 and 7. 
o r  s m a l l  fz/u,,,, we o b t a i n  from (24) t h e  r e s u l t  
For s u f f i c i e n t l y  l a r g e  -z/Lo 
whi le  f o r  s u f f i c i e n t l y  l a r g e  fz/uJcO o r  s m a l l  RL, we ob ta in  from (25) 
These r e s u l t s  a r e  c o n s i s t e n t  w i t h  t h e  experimental  r e s u l t s  i n  Figures 2 
and 3. 
V. POTENTIAL TEMPERATURE PROFILE 
I n t e g r a t j o n  of t h e  d i f f e r e n t i a l  equation (19) s u b j e c t  t o  t h e  boundary 
cond i t ion  (5) ,  w i l l  y i e l d  t h e . p o t e n t i a 1  temperature p r o f i l e  f o r  any p a r t i c -  
u l a r  va lue  of RLy s o  t h a t  
ne (z/ z0) 
TJC 0 
(1 + hz /z0 ) l /Z  - 1 
(1 + AZ/Zo)1/2 + 1 
(1 + h ) l / 2  + 1 
(1 -I- ,)1/2 - 1 
= I n  { 
where 
nTj(z/zo) = S ( Z / Z o )  - $1). ( 3 0 )  
Figure 9 d e p i c t s  A ~ ( Z / Z ~ ) / T * ~  as a func t ion  of z/zo f o r  var ious  va lues  of 
A. 
b ehavipr 
A s  RL - + m y  t h e  q u a n t i t y  A -+ 0 and t h e  f u n c t i o n  (29) has t h e  asymptotic 
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where Ro is  the  drag Rossby number given by 
Ro = u*,/fz0. (32) 
Thus, f o r  s u f f i c i e n t l y  l a r g e  RL, we have a logar i thmic  p o t e n t i a l  tempera- 
t u r e  p r o f i l e  w i th  a l i n e a r  d e f e c t .  
An e s t ima te  of t he  p o t e n t i a l  temperature drop ?jB across  t h e  p lane tary  
boundary can be obtained by eva lua t ing  equat ion (28)  a t  the top of t h e  
boundary l aye r  z = u,/4f, s o  t h a t  
(1 + y/4\)1/2 - 1 (1 - yzo/Lo)l /2  + 1 - -  s', - I n  { 
(1 + + 1 (1 - ~ z ~ / L ~ ) ~ / ~  - 1 T9: 0 
We can a l s o  express t h i s  r e s u l t  i n  t h e  form 
As RL approaches zero ,  t h e  q u a n t i t y  y approaches zero,  s o  
t h a t  upon expanding (34) i n  s e r i e s ,  we f i n d  t h a t  
Ro (z - " T*O 'u I n  7 - 0.0022 RL5/3 - R0-l) + . . . . 
(33) 
(35) 
This r e s u l t  shows t h a t  f o r  s u f f i c i e n t l y  near  . neu t r a l  atmospheres, o r  
atmospheres wi th  s u f f i c i e n t l y  l a r g e  r o t a t i o n  r a t e s  ( f ) ,  t h e  dimension- 
l e s s  p o t e n t i a l  temperature drop ac ross  the  p l ane ta ry  layer  is asymp- 
t o t i c a l l y  equal t o  In(Rol4) as RL approaches i n f i n i t y .  
A s  zo/Lo becomes s m a l l ,  equat ion (33) behaves l i k e  
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For s u f f i c i e n t l y  s m a l l  RL, t h e  second term on the  right-hand s i d e  of 
(36) is n e g l i g i b l y  s m a l l ,  s o  t h a t  
This corresponds t o  t h e  case i n  which t h e  boundary l aye r  is  very unstable .  
I f  we would have neglected C o r i o l i s  e f f e c t s  & i n i t i o  and s e t  y = 18, then 
the  r e s u l t  t h a t  corresponds t o  (37) is 
s'e 
T9,O 
- - -ln(-4.5zo/L0),  
o r  i n  terms of RL and Roy 
(38) 
V I .  SECOND- AND THIRD-ORDER CClNSIDERATIONS 
To f a c i l i t a t e  t h e  d i scuss ion  t h a t  fo l lows ,  l e t  us denote  gfu and gfo 
as given by (16) and (17) w i t h  $3:") and @('I and t h e  a s soc ia t ed  va lue  
of y(=18)  wi th  7"). The c a l c u l a t i o n s  of the  s c a l i n g  temperature TJ,o 
and s c a l i n g  v e l o c i t y  u;ko were based on 
the  experimental  es t imates  of @ i n  F igure  1, @(2) say ,  implied t h a t  y 
is  no t  a cons t an t  equal t o  18, b u t  r a t h e r  t h a t  y is  a func t ion  of %, and 
we w i l l  denote t h i s  func t ion  w i t h  7'"'. 
we have deduced the  second-order func t ion  jd2) wi th  the  a i d  of t he  f i r s t -  
o rder  Monin l aye r  through @:'I. According t o  Bus inger '  s hypothesis  , 
/au = @;I2 i n  t h2  Monin l aye r ;  t he re fo re ,  we might i n f e r  t h a t  i n  t h e  
Monin l a y e r  t h e  second-order dependence of @, on RL r e s u l t i n g  from the  
second-order p o t e n t i a l  temperature p r o f i l e  is  
e 
( see  Appendix A ) .  However, 
U 
e e 
Thus, i n  a manner of speaking,  
e 
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This r e s u l t  w i l l  be used t o  ob ta in  new estimates of T*, and %o, and 
thus th i rd-order  es t imates  of and y .  Henceforth,  a numerical 
p a r e n t h e t i c a l  s u p e r s c r i p t  w i l l  denote  the  order  of the  quan t i ty  i n  
ques t ion. 
is use fu l  t o  w r i t e  @L2) i n  t h e  form To ana lyze  t h e  e f f e c t s  of the  th i rd-order  co r rec t ions  on y ,  it 
where 
The wind p r o f i l e  t h a t  corresponds t o  (41) can be w r i t t e n  i n  t h e  form 
where 
and 5 i s  a v a r i a b l e  of i n t e g r a t i o n  a s soc ia t ed  wi th  z/LL2). 
between the  f i r s t -  and second-order s c a l i n g  parameters a r e  
The r a t i o s  
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where q ( l )  (z/LL1)) is the  f i r s  t -order  coun te rpa r t  of 
18-meter l e v e l  wind speed w a s  used t o  ob ta in  uJ;o 
z = 18 m and zo 2 0.2 m a t  the  NASA 150-meter tower s i t e .  
then z/L:~) = z/Lo, and i t  fol lows from (45) and (46) that u::) = 
and T*o ( 2 )  = Ti;). I f  y ( 2 )  i s  l e s s  than 18, then -z/L:') is  l e s s  than 
- (z/L:')) , which implies  q r ( 2 )  (z/L:~)) < $(l) (z/L:')), and we conclude 
from (45) and (46) t h a t  ui,) is  l e s s  than u$) and ITLO')/ is l e s s  than 
t h a t  ui,) is  g r e a t e r  than u:;) and IT, ( 2 ) 1  is  g r e a t e r  than IT:;)/. 
z/Lo = 0, we have u , ~  ( 2 )  = u9i (') 0 and 
and T$)/T:i) depa r t  from u n i t y  as -z/Lo approaches i n f i n i t y .  
L 
This means t h a t  t h e  th i rd-order  es t imates  of y, y ( 3 !  w i l l  l i e  below and 
t o  t h e  r i g h t  of t h e i r  corresponding est imates  of y ( 2 )  f o r  y ( 2 )  < 18 and 
above and t o  t h e  l e f t  of t h e i r  corresponding e s t ima tes .o f  y ( 2 )  f o r  
y ( 2 )  > 18. The th i rd-order  es t imates  of y a r e  shown i n  Figure 10. A 
l eas t - squares  f i t  t o  t h e  d a t a  po in t s  i n  t h i s  f i g u r e  y i e l d s  t h e  r e s u l t  
(z/L:~)) ~ The 
(1) (1) and T, , s o  t h a t  
I f  y ( 2 )  = 18, 
IT,, (1) I . If y ( 2 )  is  g r e a t e r  than 18, the  i n e q u a l i t i e s  a r e  reversed s o  
A t  
( 2 )  (1) = T*o 7 and the  r a t i o s  ufio / u * ~  
Now pi3) is  
d i r e c t l y  propor t iona l  t o  Ti:) and R(3) is  inve r se ly  propor t iona l  t o  uA0 ( 2 )  . 
7(3) = 0.0012 ($2) ) -7 /  4. 
This func t ion  i s  depicted i n  Figure 9 along wi th  t h e  func t ions  y ( ' )  and 
y ( 2 ) e  
t o  converge. 
s i g n i f i c a n t  because y ( 2 )  l i e s  we l l  w i th in  t h e  d a t a  s c a t t e r  of 7") and 
v i c e  versa .  
The r e s u l t s  i n  the  f i g u r e  show t h a t  t h i s  c o r r e c t i o n  procedure seems 
The d i f f e rences  between 7'') and y ( 3 )  a r e  probably no t  
The ques t ion  t h a t  must now be answered is whether o r  no t  t h e  func- 
t i o n  j2'L2) as expressed by (40) i s  phys ica l ly  r e a l  o r  j u s t  a spur ious  
r e s u l t .  This can be answered only by analyzing wind and temperature 
p r o f i l e  measurements w i th  corresponding d i r e c t  measurements of t he  s u r -  
f ace  t a n g e n t i a l  s t r e s s e s  and h e a t  f l uxes .  
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V I I .  CONCLUDING COMMENTS 
We have analyzed th ree  r ep resen ta t ions  of @ i n  t h e  p l ane ta ry  
RL). However, it i s  reasonable  t o  expect t h a t  should depend on 
o the r  parameters.  For example, i t  i s  we l l  known t h a t  b a r o c l i n i c  
e f f e c t s  manifested by the p re s su re  g r a d i e n t  terms i n  t h e  ho r i zon ta l  
momentum conserva t ion  equations produce s i g n i f i c a n t  e f f e c t s  on the  
wind p r o f i l e  [ll], and i t  i s  not  unreasonable t o  assume t h a t  t hese  
e f f e c t s  a r e  a l s o  r e f l e c t e d  i n  the  p o t e n t i a l  temperature  p r o f i l e .  The 
a v a i l a b l e  r e s u l t s  of i n v e s t i g a t i o n s  of t he  wind p r o f i l e  i n  t h e  p l ane ta ry  
boundary l a y e r  could be used t o  sugges t  those  a d d i t i o n a l  parameters t h a t  
should be  included i n  f u t u r e  a t tempts  t o  model t h e  p o t e n t i a l  temperature 
p r o f i l e .  
boundary l a y e r ,  namely, pie(z/L0,R~) , @e(z/Lo, f z  9 qo), and @e(fz/lq;o, 
I n  our a n a l y s i s  we developed a n  empir ical  model of @e(z /Lo ,R~) ,  and 
from t h i s  func t ion  we deduced t h e  func t ions  @e(z/Lo, fz /uko)  and 
@e(fz /u ikoyR~)  which agreed reasonably we l l  w i t h  the  experimental  r e s u l t s  a 
However, i n  s t u d i e s  of t h i s  kind, one must be c a r e f u l  t o  avoid o r  t o  a t  
l e a s t  recognize the  problem of t h e  spur ious  c o r r e l a t i o n  which r e s u l t s  
xhen a s c a l i n g  parameter occurs i n  two-or  more dimensionless q u a n t i t i e s .  
I n  t h i s  r e p o r t ,  t h e  s c a l i n g  temperature T*o w a s  der ived from t h e  e s t i -  
mates of Lo and u * ~ ,  s o  t h a t  @e is propor t iona l  t o  zLou;,2 &!az. Thus, 
by the  very f a c t  t h a t  (1) z and Lo a r e  contained i n  @e and z/Lo, (2) %.o 
and Lo a r e  contained i n  @e and RL, and (3) z and uJco a r e  contained i n  @e 
and fz/u,,, t h e  dependencies of @e on ( z / L ~ , R L ) - ,  ( z / L o , f z / ~ o ) - ,  and 
(fz/%,,RL)-coordinates implied i n  Figures  1 through 3 could be spur ious .  
This problem can be resolved by increas ing  t h e  sample s i z e  and applying 
appropr i a t e  s t a t i s t i c a l  s i g n i f i c a n c e  t e s t s .  
To v e r i f y  the  r e s u l t s  i n  t h i s  r e p o r t ,  simultaneous observa t ions  of 
t he  p o t e n t i a l  temperature p r o f i l e ,  t h e  s u r f a c e  h e a t  f l u x  Ho, and t h e  
s u r f a c e  t a n g e n t i a l  s t r e s s  T~ a r e  requi red .  The measurements of t h e  
p o t e n t i a l  temperature  p r o f i l e  should extend up t o  s u f f i c i e n t l y  g r e a t  
he ights  i n  t h e  Ekman l a y e r  (z - O(u,,/4f)). ‘The problem of spur ious  cor-  
r e l a t i o n  between @@ and the  var ious  independent v a r i a b l e s  w i l l  s t i l l  
remain, because T*, i s  propor t iona l  t o  HO~;1/2 and Lo is propor t iona l  
t o  T;/~H;’ s o  t h a t  @e, z/Lo, RL and fz/uJco a r e  propor t iona l  t o  
r e spec t ive ly .  
t i e s ;  Ho is p resen t  i n  @e, z/Lo, and RL; and t h e  he ight  z is contained 
i n  $50, z/Lo, and fz/u,ko. 
The q u a n t i t y  -r0 is contained i n  a l l  four  of t hese  quant i -  
15 
With these  comments i n  mind, we p rov i s iona l ly  conclude t h a t  t he  
p o t e n t i a l  temperature p r o f i l e  i n  the  p lane tary  boundary l a y e r  i s  
inf luenced by t h e  a c t i o n  of C o r i o l i s  fo rces  on t h e  mean flow. 
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Figure 10. Third-Order Estimates of y as a Function of E$, 
APPENDIX A 
Calcu la t ion  of t h e  Sca l ing  Parameters uJco and T, 
I n  t h e  uns tab le  Monin l a y e r ,  t h e  dimensionless mean flow shear  i s  
a un ive r sa l  func t ion  of z/Lo, s o  t h a t  
where C(z) is  the  mean wind speed a t  he igh t  z, k, is  von Karman's con- 
s t a n t  w i t h  numerical va lue  approximately equal 0.4, uJ;o is  t h e  s u r f a c e  
f r i c t i o n  v e l o c i t y ,  and 9fu(z/L0) is a un ive r sa l  func t ion  of z/Lo. 
quan t i ty  Lo i s  the  s u r f a c e  Monin-Obukhov s t a b i l i t y  length ,  namely, 
The 
I n  t h i s  equat ion Ho i s  the  s u r f a c e  h e a t  f l u x ,  p and ? denote t h e  mean 
flow dens i ty  and Kelvin temperature,  g is  t h e  a c c e l e r a t i o n  of g r a v i t y ,  
and Cp is the  s p e c i f i c  hea t  a t  cons t an t  pressure .  
shear  la, i s  r e l a t e d  t o  the  f l u x  Richardson number through the  exper i -  
menta l ly  der ived r e l a t i o n s  h ip  
The dimensionless 
9fu = (1 - 18Ri ) l l4 ,  (A- 3) 
which is g iven  i n  r e fe rence  5 .  The f l u x  Richardson number i s  def ined as 
where 5 i s  the  mean p o t e n t i a l  temperature a t  he igh t  z. 
Richardson number is  a func t ion  of z/Lo. 
hypothesis  [ l o ]  t o  r e l a t e  R i  t o  z/Lo, s o  t h a t  
The f l u x  
We s h a l l  invoke the  Businger 
R i  = z/Lo. (A- 5 ) 
2 7  
I 
Upon combining equations ( A - l ) ,  (A-3), and (A-5) and i n t e g r a t i n g  t h e  
r e s u l t i n g  r e l a t i o n s h i p ,  we f ind  t h a t  
G(z) = - kl u*o (In Z - lf(c ' ")Iy L O  0 
where 
We have used t h e  cond i t ion  t h a t  ii(zo) = 0 i n  t h e  de r iva t ion  of (A-6), 
where zo is  the  s u r f a c e  roughness length.  Equation (A-7) can be eval-  
uated numerical ly  f o r  any va lue  of z/Lo. 
i n t e g r a l  may be s e t  equal t o  zero because the  con t r ibu t ion  t o  I@ from 
t h e  reg ion  0 < -z /Lo < -zo/Lo i s  n e g l i g i b l y  small, 
t i o n  temperature T, i s  defined as 
The lower bound of t h i s  
The s u r f a c e  f r i c -  
- 1 HO 
klU*O ; cp T, - - -- . 
Equations (A-2) and (A-4) through (A-8) can be used t o  c a l c u l a t e  t he  
s c a l i n g  v e l o c i t y  %o, t he  s c a l i n g  temperature T*o, and the  s u r f a c e  Monin- 
Obukhov s t a b i l i t y  length.  The prccedure f o r  c a l c u l a t i n g  these  q u a n t i t i e s  
i s  as follows: (1) c a l c u l a t e  t he  g r a d i e n t  Richardson number, equat ion 
(A-4), wi th  t h e  mean flow wind and p o t e n t i a l  temperature p r o f i l e  data i n  
t h e  Monin l a y e r ,  (2) c a l c u l a t e  Lo with  equat ion (A-5), (3) c a l c u l a t e  uk0 
wi th  (A-6) and (A-7) ,  and (4) f i n a l l y  c a l c u l a t e  T, wi th  the r e s u l t s  of 
s t e p s  (2)  and (3) and (A-2) and (A-8). 
The 18- and 30-meter temperature and wind d a t a  were used t o  e s t i -  
mate t h e  Richardson number. The d i s t r i b u t i o n s  of ii(z) and G(z) between 
the  18- and 30-meter l e v e l s  were assumed t o  be logar i thmic  p r o f i l e s .  The 
expressions f o r  C(z) and g(z) were d i f f e r e n t i a t e d  wi th  r e s p e c t  t o  z and 
evaluated a t  t h e  geometric he igh t  z = 2 3  meters t o  y i e ld  es t imates  of 
aii/az and ai?/az f o r  t he  c a l c u l a t i o n  of R i .  This Richardson number was  
used t o  c a l c u l a t e  Lo i n  s t e p  (2) above. The 18-meter l e v e l  wind speed 
and lf(18m/Lo) were used t o  c a l c u l a t e  ilko i n  s t e p  (3) .  
The s u r f a c e  roughness lengths  zo t h a t  were assoc ia ted  wi th  t h e  NASA 
150-meter meteorological  tower s i t e  and t h a t  were used i n  the  c a l c u l a t i o n  
of u*o a r e  g iven  i n  r e fe rence  9. 
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APPENDIX B 
Wind Speed and Temperature P r o f i l e  Data and Other Parameters 
The wind p r o f i l e  and. temperature da t a  t h a t  were used i n  t h i s  r e p o r t  
a r e  given i n  Tables B-1 and B-2. The 18-meter l e v e l  wind d i r e c t i o n  is 
tabulated here  because t h e  su r face  roughness length  a t  t he  NASA 150-meter 
tower f a c i l i t y  i s  a func t ion  of wind d i r ec t ion .  The values of Ri(23 m) ,  
Lo, U*OY and T*o t h a t  were ca l cu la t ed  wi th  these  da t a  a r e  given i n  
Table B-3 .  
TABLE B-1 
Table of T-emperature P r o f i l e  Data* 
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(AT), = T(18m) - T(3m) 
(AT)2  = T(30m) - T(3m) 
= T(60m) - T(3m) 
(KC) ,  = T(120m) - T(3m) 
(KC) ,  = T(150m) - T(3m) 
- L. 41 
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Table of Wind Speed and Di rec t ion  Data 
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Correct ion of F i n i t e  Di f fe rence  E s t i m a t e s  
of V e r t i c a l  Gradients of P o t e n t i a l  Temperature 
A f i r s t  e s t ima te  of a m z  can be obtained wi th  f i n i t e  d i f f e r e n c e s ,  
s o  t h a t  
where t h e  s u p e r s c r i p t  on 3 m z  denotes t h e  order  of t h e  es t imate ,  and sl and E2 a r e  t h e  p o t e n t i a l  temperatures a t  he igh t s  z1 and z2. 
second and more p r e c i s e  e s t ima te  of 35/32 can be obtained by assuming 
t h a t  35/32 i s  r e l a t e d  t o  z through a power l a w  
A 
where a and q a r e  cons tan ts .  This assumption is  appropr i a t e  i f  it is  
appl ied  i n  a piecewise manner. 
-2. Upon i n t e g r a t i n g  (C-2) between l e v e l s  z1 and z2,  we f ind  t h a t  
The q u a n t i t y  q w i l l  vary between -1 and 
El iminat ion of b between (C-2) and (C-3) and eva lua t ion  of t h e  r e s u l t -  
ing r e l a t i o n s h i p  a t  t h e  midpoint z = (zl-+ z2)/2 of t h e  i n t e r v a l  
z1 5 z 5 z2 y i e l d  a second e s t ima te  of he /&,  s o  t h a t  
Upon forming the  r a t i o  between (C-1) and (C-4), we f i n d  
33 
where 
Equations ( C - l ) ,  ( C - 5 ) ,  and (C-7) were used t o  e s t ima te  the  dimension- 
l e s s  temperature g r a d i e n t  gee 
ing s t eps :  
The procedure cons is ted  of t h e  fol low- 
(1) Obtain a f i r s t  e s t ima te  of w i t h  ( C - 1 ) .  
(2) Ca lcu la t e  a f i r s t  e s t ima te  of t h e  d inens ionless  p o t e n t i a l  
temperature  grad4ent  @:') a t  z = (zl + z 2 ) ; / 2  w i t h  (C-7), 
( 3 )  P l o t  g;') as a func t ion  of -z/Lo on b i logar i thmic  graph 
paper and e s t ima te  piecewise values  of q. 
( 4 )  Calcu la t e  the q u a n t i t y  r wi th  (C-5) using t h e  r e s u l t s  of 
( 3 )  
(5) Ca lcu la t e  a second es t imate  of @e by mul t ip ly ing  t h e  
ya lues  of @;') obtained i n  s t e p  (2) wi th  r. 
The r e s u l t s  of s t e p  (5) above were used t o  model t h e  p o t e n t i a l  tempera- 
t u r e  p r o f i l e .  
A p l o t  of r as a func t ion  of q f o r  E, = 0.167, 0.5, 0.6, and 0.8 i s  
shown i n  Figure C-1 .  These values  of r correspond t o  the  r a t i o s  between 
he ights  appropr i a t e  f o r  t he  NASA 150-meter meteorological  tower s i t e .  
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